Hyperbolic 3-manifolds and Cluster Algebras 

Kentaro Nagao, Yuji Terashima and Masahito Yamazaki 

December 15, 2011 



We advocate the use of cluster algebras and their y-variables in 
the study of hyperbolic 3-manifolds. We study hyperbolic structures 
on the mapping tori of pseudo-Anosov mapping classes of punctured 
surfaces, and show that cluster y- variables naturally give the solutions 
of the edge-gluing conditions of ideal tetrahedra. We also comment 
on the completeness of hyperbolic structures. 
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Introduction 

Cluster Algebras 

Cluster algebras were introduced by Fomin and Zelevinsky ( jFZ02] ) ten years 
ago. Since then, many authors have uncovered beautiful connections between 
the theory of cluster algebras and a wide range of mathematics such as 

• dual canonical bases and their relations with preprojective algebras and 
quiver varieties r |BFZn5] . [Lecinj . [Nakllj . . . .) 

• total positivity ( |FomlOj . . . .) 

• (higher) Teichmiiller theory and its quantization ( jFGOGt [FG07t IFG09] . 

[EiQIlEi],...) 

• 2-dimensional hyperbolic geometry ( [GSV03j . |FST08j . . . .) 

• cluster categories ( [Kela] . |Ami09] . |Plall] . . . .) 

• discrete integrable systems ( |Ked08j . |KNSllj . . . .) 

• Donaldson-Thomas theory ( |KSj . |Naga| , . . .) 

• supersymmetric gauge theories ( |GMN] . [CNV] . |EF11] . . . .) 

The goal of this paper is to add yet another item to this list: the theory of 
hyperbolic 3-manifolds. This paper is a companion to [NTY] . which discusses 
the application of cluster algebras to the physics of 3d A/" = 2 supersymmetric 
gauge theories. 

Hyperbolic 3-manifolds 

A hyperbolic 3-manifold (with cusps) has a decomposition into ideal tetra- 
hedra. This makes it possible for us to compute invariants of the 3-manifold, 
such as the hyperbolic volume and the Chern-Simons invariant |NZ85l[Neu92j . 

An ideal tetrahedron is parametrized by a complex number with positive 
imaginary part, called a shape parameter. Given a topological decomposition 
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of the 3-manifold into ideal tetrahedra, we need to find shape parameters 
which satisfy edge- gluing equations ( §4.2p in order to obtain a hyperbohc 
structure on the 3-manifold. Moreover, the cusp equations ( §4.4p should hold 
for a complete hyperbolic structure. In general, it is a rather non-trivial 
problem to systematically and analytically find solutions of these equations. 

In this paper, motivated by |TYllt ITY] . we study 3-manifolds fibered 
over S^, i.e., mapping tori of mapping classes of surfaces. It is known that 
a mapping class of a surface is either periodic, reducible or pseudo-Anosov 
(Nielsen-Thurston classification)!^. The mapping torus admits a hyperbolic 
structure if and only if the mapping class is pseudo-Anosov. This is the case 
we discuss in this paper. 

The main results of this paper are summarized as follows: 

• Solving the "shape parameter periodicity equation" we get a so- 
lution (possibly with non-positive imaginary parts) of the edge-gluing 
equations. 

• Shape parameters of tetrahedra are given by the cluster y-variables, 
where the initial values of the y-variables are taken to be the solution 
of the shape parameter periodicity equation. 

• The cusp condition is written as a simple condition on a product of the 
initial values of the ^/-variables. 

We need to find a solution with positive imaginary parts to get a hyper- 
bolic structure. We have verified this positivity in several examples, although 
the general proof is still lacking. 

Remark 0.1. Here are some comments in the context of Teichmuller theory 
(cf. Appendix): 

• A mapping class acts on the decorated Teichmiiller space T . As al- 
gebraic equations, the shape parameter periodicity equation coincides 
with the conditions for a point in T to be fixed. Note that the decorated 
Teichmiiller space has no fixed points with respect to the action of a 
pseudo-Anosov mapping class. However, this refers to solutions in pos- 
itive real numbers, whereas what we need here is a solution in complex 
numbers. 

• As algebraic equations, the shape parameter periodicity equation plus 
the cusp condition coincide with the conditions for a point in the Te- 
ichmiiller space T to be fixed. 

^To be precise, this classification is not mutually exclusive. 
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Basic Idea 



This paper is motivated by |KN] and |TYllt ITY] . 

In [TYllj . the authors conjectured an equivalence of the partition func- 
tion of a 3(i A/" = 2 gauge theory on a duahty wall and that of the SL(2, M) 
Chern-Simons theory on a mapping torus. This is a. 3d /3d counterpart of the 
4:d/2d correspondence, known as the AGT relation ( [ACTIO] ). 

In [TYj . the authors demonstrated that a limit of the 3d M = 2 parti- 
tion function reproduces the hyperbolic volume of the mapping torus in the 
case of the once-punctured torus. The 3d partition function is given by the 
trace of the mapping class in the Hilbert space of the quantum Teichmiiller 
theory. This trace is written as an integral of the product of quantum dilog- 
arithms, and the classical limit is analyzed by the saddle point method. The 
key observation in [TYj was that the shape parameters satisfying structure 
equations (as previously analyzed in [Gue06] ) appear at the saddle point. 

In |KN] . the authors show that classical dilogarithm identities ( [Nak] ) 
naturally emerge from quantum dilogarithm identities ( [Kelbj . Nagll| ). On 



the one hand, the quantum dilogarithm identity claims that, if a sequence of 
mutations gives a duster periocQ, then the associated product of the quantum 
dilogarithms is equal to 1. On the other hand, the classical dilogarithm iden- 
tity claims that, under the same assumption, the associated sum of Roger's 
dilogarithms equal to 0. In the Roger's dilogarithms we substitute the clus- 
ter y-variables, which we can not find explicitly in the quantum dilogarithm 
identity. The strategy in |KNj is the following : 

(1) We take the product of the quantum dilogarithms as an operator on a 
Hilbert space following Fock-Goncharov |FG09j . 

(2) We express an expectation value of the operator in an integral expres- 
sion. 

(3) Applying the saddle point method, we get the cluster ^/-variables as 
the values of integral variables at the saddle point, and the sum of the 
Roger's dilogarithms as the critical value of the integrand. 

(4) Under the cluster periodicity assumption, the operator is trivial (= 
quantum dilogarithm identities) and so the critical value of the inte- 
grand should be trivial (= classical dilogarithm identities). 

We are going to combine all the ingredients above. For this purpose, 
an important observation is that the cluster periodicity assumption is not 



^In this paper we call the "period" in [KN| a "cluster period" , in order to distinguish 
it from the "quiver periodicity" and "shape parameter periodicity" . 
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required in the first three steps of |KNj . This means that three steps could 
be directly adopted to the more general situation analyzed in |TY1H ITYj . 
This is the main idea behind this paper. In particular, the third step again 
means that the cluster ^/-variables appear as a critical point of the integral 
expression, and therefore should be identified with the shape parameters. 

cluster y-variables < — > shape parameters of ideal tetrahedra. 

We will prove this result in section HI 

Summarizing, our results generalizes (part of) the results of |TYj concern- 
ing once-punctured torus bundles to mapping tori of more general Riemann 
surfaces, and (part of) the results of [KN] to non-trivial elements of the 
mapping class groups. 



Comparison with Earlier Works 

The correspondence between cluster ^/-variables and shape parameters has 
been known (at least implicitly) in the literature, for example in the context 
of thermodynamics Bethe Ansatz (TBA) and their associated T- and Y- 
systems. Let us clarify the similarities and the differences between our results 
and earlier results. 

The relation between TBA and hyperbolic 3-manifolds has been known 
for more than fifteen years ( jGT96] ). The dilogarithm identity associated to 
the TBA of type A^r was shown by computing the volume of a hyperbolic 
3-manifold with different tetrahedron decompositions. For example, the A2 
TBA gives the pentagon identity corresponding to the 2-3 Pachner move 
(Figure [T]). This was well before the invention of cluster algebras, but for- 
mulated in modern language, y-variables appear as the shape parameters of 
tetrahedra. 

More recently it was found that cluster algebras have deep relationship 
with TBAs. In fact, periodicities of T-, F-systems and dilogarithm identities 
associated to TBAs are shown by using cluster algebras ( |Kelc| iNakj ). 



Our setting is similar to this TBA setting in several respects; for example, 
in both cases we start from a quiver and come back to the original quiver 
after a sequence of mutations. We call this condition the quiver periodicity. 
However, there are important differences between (a) the earlier setups con- 
cerning TBA nd (b) our settings. This could be stated in several different 
languages: 

• We have the periodicity conditions on the cluster y-variables both in 
(a) and in (b). However, in (a), periodicity is imposed as identities of 
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rational functions on |/j's {cluster periodicity) , whereas in (b) we solve 
the periodicity equations to determine values of yi {shape parameter 
periodicity), which in turn determines the hyperbolic structure of the 
mapping tori. 

• In (a), the product of the quantum dilogarithms associated to the se- 
quence of mutations equal to 1 (quantum dilogarithm identity [Kelb] ) . 
In (b), the product gives a non-trivial action of the mapping class in the 
quantum Teichmiiller theory. This is the difference already explained 
in the previous subsection. In the latter case, the quantum dilogarithm 
identity guarantees the independence of the product from the choice of 
the sequence of flips which realizes the mapping class. 

• In terms of surface triangulations and flips, in (a) we get the original 
triangulation (up to a permutation of vertices) after a sequence of mu- 
tations, while in (b) we get the original triangulation pulled back by 
the mapping class. 

• A mutation provides a derived equivalence of 3-dimensional Calabi- 
Yau categories associated to quivers with potential ( |KYj ). In (a), the 
composition of the derived equivalences is an identity functor, while in 
(b) it gives the action of the mapping class on the derived category (see 
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• The derived equivalence induced by mutation corresponds to a wall- 
crossing in the space of stability conditions, and a sequence of muta- 
tions gives a new chamber. In (a), the new chamber coincides with 
the original one, while in (b) the chamber is obtained from the original 
one by the action of the mapping class on the space of stability condi- 
tions. In other words, the former is the wall crossing associated with a 
contractible cycle, whereas the latter corresponds to a non-contractible 
cycle with non-trivial monodromies (c/. [ADJM] ). 
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1 Cluster Algebras 

1.1 Quiver Mutation 

In this paper, we always assume that a quiver has 

• the vertex set / = {1, . . . , n}, and 

• no loops and oriented 2-cycles (see Figure |2]). 



Figure 2: A loop (left) and an oriented 2-cycle (right) of a quiver. 
For vertices i and j G /, we define 

Qihj) = Harrows from i to j}, Q{i,j) = Q{i,j) - Qij,i). 

Note that the quiver Q is uniquely determined by the matrix Q{i,j) (or 
equivalently Q{i,j)) under the assumption above. 
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For the vertex k, we define a new quiver n^Q (mutation of Q at vertex 
k) by an anti-symmetric matrix 

-Qihj) i = koTj = k, 

Q{i,j) + Q{i,k)Q{k,j)-Q{j,k)Q{k,i) i,j ^ k. 



1.2 Cluster Variables 

Given a sequence k = {ki,...,ki) of vertices and "time" parameters t 
0, ... ,1, we define 



Qo-=Q, Qt ■= f^kt^i ■ ■ ■ fj'kiQ (t > 0). 

For initial values Xi{0) = Xj and yi{0) = rji, we define the cluster x-variables 
Xi{t) and the cluster y- variables (coefficients) yi(t) {i G /) by 

x,{t + I) = '-^^^LJ\^ x,{t) ' 



and 



2 Triangulated Surfaces and Quivers 

Let E be a closed connected oriented surface and M be a finite set of points 
on S, called punctures. We assume that M is non-empty and (S, M) is not 
a sphere with less than four punctures. 

We choose an ideal triangulation r of S, i.e., we decompose S into trian- 
gles whose vertices are located at the punctures. We will not allow self-folded 
arcs (see Figure |3]) in this paper. 



Figure 3: We do not allow self-folded triangles as in this Figure. 
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2.1 Quiver Associated to a Triangulation 

For a triangulation r without self-folded arcs we will define a quiver whose 
vertex set / is the set of arcs in r. 

For a triangle A and arcs i and j, we define a skew-symmetric integer 
matrix Q by 

{1 A has sides i and j, with i following j in the clockwise order, 
— 1 the same holds, but in the counter-clockwise order, 
otherwise. 

We define 

where the sum is taken over all triangles in r. Let Qr denote the quiver 
associated to the matrix Q^. 

For an arc i in the triangulation r, we can flip the edge i to get a new 
triangulation fi{r). This operation is compatible with a mutation at vertex 
i: 

Qfr{r) = ^iiQr)- 

2.2 Mapping Class Group Action 

For a triangulation r, we define 

T = T(r) := C(ye)e6n, = T^(r) := C(xe)e6n- 

For a puncture m G M, take a sufficiently small circle around m and let 
ei,...,en be the sequence of arcs which intersect with the circle, where 
ei, . . . , Cn may have multiplicity. We define 

n 
i=l 

and 

T = T{t) := C[ye, y~\eTi/ {ym)meM- 

Let us fix a mapping class ip. Then the two triangulations r and v^(t) are 
related by a sequence of flips, together with appropriate changes of labels. 
More formally, there exists a sequence 

k = {h,...,ki)einy 
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such that the two triangulations r and v^(r) are related by the sequence of 
flips associated to k (see [FST08[ Proposition 3.8]). Note that a flip provides 
a canonical bijection of the edges of the triangulations. We can represent 
the composition of the bijections by a permutation a G (5/. We define the 
automorphisms 

CT^: r(r) = T(^(r)) ^ T(r), CT^: r-(r) = r^(^(r)) ^ T^(r) 

by 

Thanks to the result [FST08[ Theorem 3.10] and the pentagon relation of 
cluster transformations, CT<^ and CT^ are independent of the choices of the 
sequences of flips and provides a well-defined action of the mapping class 
group on T(r). 

3 Pseudo-Anosov Mapping Tori 

3.1 Flips and Tetrahedra 

Let r, if, k and a be as in §2.2[ We assume that no triangles are self-folded. 

Let h = h{t) be the edge flipped at t and h' be the edge after the flip. 
Let a, 6, c and d be the edges of the quadrilateral in the triangulations whose 
diagonals are h and h' . We associate a topological tetrahedron A = A(t) 
whose edges are labeled by a, 6, c, d, h and h' (see Figure H]). 

3.2 Pseudo-Anosov Mapping Class 

As we mentioned in the introduction, a mapping class of a surface is either 
periodic, reducible or pseudo-Anosov due to the Nielsen-Thurston classifica- 
tion. A mapping class is pseudo-Anosov if and only if the following two 
equivalent conditions are satisfied: 

• the mapping torus has a hyperbolic structure, 

• the action of ip has no fixed points in the Teichmiiller space 

For any pseudo-Anosov mapping class (/?, a triangulation r and a sequence of 
flips k such that the construction in §3.11 provides a topological tetrahedron 
decompositions of the mapping torus are given in |Ago| . 

^The action of has a pair of fixed points on the Thurston boundary. These fixed 
points correspond to the stable and unstable foliations of E preserved by (p. 
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flip 




tetrahedron 



Figure 4: A flip in a 2d triangulation can be traded for a 3d tetraliedron. 



Remark 3.1. The gaol of this paper is an explicit construction of a hyperbolic 
structure of the mapping torus of a pseudo-Anosov mapping class. We do 
not use the pseudo-Anosov property anywhere but the existence of topological 
tetrahedron decompositions above. 



4 Equations for Hyperbolic Structure 
4.1 Shape Parameters 

For an ideal tetrahedron in with vertices 0, 1, z and oo (Figure E]), we 
associate the shape parameter z with the edge connecting and oo. For an 
ideal tetrahedron, a pair of mutually non-intersecting edges has a common 
shape parameter, and the shape parameters for the three pairs of mutually 
non-intersecting edges are given by (Figure [6]) 

z, l-z~\ (3) 

We take a sequence of flips and associated topological decomposition of 
the mapping torus as in §3.21 For t G Z, let A(t) denote the t-th tetrahedron, 
where A(t) and A{t + 1) are identified for any t. Let Z{t) denote the shape 
parameter of A(t) at the edge h{t), the edge flipped at time t. Note that the 
sequence {Z{t)) satisfies shape parameter periodicity 

Z{t + l) = Z{t). (4) 
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Figure 5: An ideal tetrahedron with shape parameter z. 
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Figure 6: The three shape parameters of an ideal tetrahedron. 
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For a tetrahedron A, let Ai be the set of edges of A. We define 

E■.= l[A{t)^. 
tel. 

Let E denote the set of all edges in the tetrahedron decomposition of S x M 
and vr: E ^ E he the canonical surjection. 

Given parameters {Z(t))t£z, we can define associated parameter = 
Zeit) for any t E Z and e G A(t)i as the shape parameter of A(t) on the 
edge e, which is determined as in ([3]). 

4.2 Edge-gluing Conditions 

Suppose that the shape parameters {Z(t))tez gives an ideal tetrahedron de- 
compositior0. This holds if and only if the following three conditions are 
satisfied. 

First, we need the shape parameter periodicity condition as already dis- 
cussed in @. Second, we need 

Im Z{t) > for any t (positivity condition). 

Third, for each edge g E E, the product of all the shape parameters associated 
to the elements in 7i~^{g) must be 1 (see Figure [7]): 

Y\ = 1 (edge-gluing equation). 

gG7r-i(g) 



4.3 ^/-variables and Gluing Conditions 

Proposition 4.1. Lete{t) G T{t)i be the edge which we flip att and e'{t+l) G 
r(t + l)i be the edge which appears after the flip. The edge-gluing equation 
is satisfied for the shape parameters 

Z{t) ■= -yeit){t) (= -ye'it+i){t + 1)^') . (5) 

Proof. Let g E E he a,n edge which appears at the ti-th flip at g' and disap- 
pear at the t2-th flip g" (Figure [H]). Let gi (resp. (72) be the unique element 

'''Here we do not require completeness. See ^4.41 for complete hyperbolic structures. 
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Figure 7: The edge-gluing equation around an edge. 





t = h + l 





t = t2 + l 




Figure 8: An edge g in a tetrahedron decomposition appears at time ti and 
disappears at time ^2- 
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in A(ti)in7r ^{g) (resp. inA(t2)in7r ^{g))- The gluing equation associated 
with g is 

i=n n 

t=h gGA(t)in7r-l(<7) 

yt=tl + lggA(t)in7r-l(9) / 

For this equation, we will show 

Z{h)xlf[ H ZA =-y,,{T + l)-\ (6) 

\t=ti + l g(^A(t)inn-^g) J 

where go is the edge corresponding to g which r(t) (t = ti + 1, . . . ,t2) have in 
common. We show the equation above by induction with respect to T. The 
claim for T = ti trivially follows from the definition ([5]). Let us assume the 
above statement for T — T — 1. To show the statement for T, we need to 
show 

n Zg = yg,{t)/yg^{t + l). 

geA(t)in7r-l(9) 

We will show this by classifying the positional relation of go and e(t). 

• go and e(t) have no triangle in common: both side of the equation 
above is 1. 

• go and e{t) have a single triangle in common : 

- Qt{e(t),go) = 1 (see Figure [H]) : 



(LHS) ^'"^ =°'^® 1 - Z{t)-' ^'"^^='^ ® (RHS), 



- QMt),go) = -1 : 

(LHS) =°"® (1 - Z{t))-' '^^"^l"" ® (RHS), 
go and e{t) have two triangles in common. : 

- Q't{e{t),go) = ±2 (see Figure [IDD : 

(LHS) =°"® (1 - Zm^' ^^"^=° ® (RHS), 

~ Qt{eit),go) = : this can not happen because we prohibit self- 
folded edges in this paper (see Figure ITT]) . 

□ 
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Figure 9: The case with Qtie{t),go) = 1. 




Figure 10: The case with Qt{^{t), go) = 2. 




Figure 11: The case with Qt{e{t),go) = 0. 
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4.4 Complete Hyperbolic Structures 



Patching ideal tetrahedra with comers removed, we get a hyperbohc 3- 
manifold with boundaries, each of which is isomorphic to a torus. Note 
that such a boundary torus has two directions: the direction of "time" pa- 
rameter t {time direction) and the direction of the original surface {surface 
direction^ 

The intersection of a removed corner and a boundary torus gives a triangle 
on the torus with a shape parameter for each angle. 

Example 4.2. We take a five-punctured sphere. Let A, B, C , D, O the 

punctures and ai (resp. 02 or a^) be the Dehn half-twist along a circle con- 
taining A and B (resp. B and C, or C and D) in the anti-clock direction 
(see Figure fi^) . Note that ai, a2 and (T3 generate the braid group B4. We 

'E 



\A B! C D 
Figure 12: A Dehn half-twist cxi along a circle containing A and B. 

take 

• aia2(J^^ as a mapping class. 

• the triangulation as in Figure [7^ 

• 8, 9, 5, 7, 1, 8 as a sequence of edges which we fli'^. 

The mapping torus is the compliment of the two-component link in S"^ x 
(Figure [T3\) . and hence we have two boundary components. We show the 
triangulation of the universal cover of one of the components in Figure [731 

Fix a puncture m G M of the surface and a time parameter to- Let 
Fi {i G Z/nZ) be the triangle in r(to) which is adjacent to ej_i, m and 
Ci, where (ei, . . . , e„) is the sequence of arcs around m as before. On the 
boundary torus, Cj represents a vertex and Fi represents an edge connecting 

^We avoid to use the terms "longitude" and "meridian" to avoid a confusion. 
^Flipping at 8, 6 (resp. 6, 9, 5, 7 or 1, 8) corresponds to the half-twist ci (resp. (T2 or 
a^^). Canceling the doubled 6, we get the sequence above. 
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Figure 14: A triangulation of the five-punctured sphere. 
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Figure 15: The triangulation of the boundary torus. A triangle with number 
t represents the t-th tetrahedron A(t), whose modulus Z(t) corresponds to a 
dihedral angle represented by a black dot. 

ej_i and Cj. The union of Fj's provides a (piecewise linear) closed curve on 
the boundary toru^. We call this a horizontal line (see Figure flGjl . 

The holonomy of along a cycle in the surface direction is given as follows. 
A horizontal line divides the boundary torus into two parts. We fix one 
of them. For a vertex Cj on the horizontal line, we take all angles in the 
universal cover which have Cj as the vertex and which in on the given side of 
the horizontal line. We denote by Hi the product of the shape parameters 
associated to these angles. Then we have 

(the holonomy in the surface direction) = J^(— ifj). 

i 

A hyperbolic structure given by a sequence of shape parameters is complete 
if and only if the following condition holds: 

the holonomy along the surface direction of each boundary is 
trivial {cusp condition, |NZ85j ). 

In Figure [HI we study the set of all tetrahedra which are adjacent to an 
edge. In this setting, the horizontal line divides the set of these tetrahedra 

''As a cycle, this represents the homology generator in the surface direction. 
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Figure 16: Horizontal lines, drawn in the triangulation of Figure [T^ 



into two groups: tetrahedra which appear before/after t = to- Hence we have 

n n 

t=ti + leieA(t)in7r-l(e«) 

By ([6]), the right hand side equals to —yeiito)- summary, we get the 
following description of the holonomy: 

Proposition 4.3. For a sequence of shape parameters determined by the 



result of Proposition \4-l\ the holonomy around a puncture m in the surface 
direction is equal to y^- 

4.5 Main Results 

Let us summarize our results in the form of a theorem: 

Theorem 4.4. Let (ye)eeri non-zero complex numbers such that y^ = I 

for any puncture m G M. Assume that yh{t) is well-defined for any 

ye{Q)=ye 

h and t and that the shape parameter periodicity condition is satisfied 



ya{h) = yh{l) 
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Let us define the shape parameters Z{t) by 



Z{t) := -ye{t){t) , 

ye{0) = ye 

where e{t) is the edge flipped at time t, and suppose that Z{t) 7^ 0, 1 for any t. 
Then {Z{t)) satisfies the edge-gluing equations in [U^anc? the cusp condition 

This theorem gives a systematic method to identify for hyperbohc struc- 
tures on mapping tori, formulated in the language of cluster algebras. For 
a genuine hyperbolic structure we also need to verify Im(Z(t)) > 0, see the 
examples in the next section. 



5 Examples 

In the last section, we demonstrate Theorem 14.41 in the case of a once- 
punctured torus and of a five-punctured sphere. The examples are chosen for 
the sake of simplicity, and the same methods apply to more general mapping 
classes of more general punctured surfaces. 



5.1 Once-Punctured Torus and LR 

Let us start with a once-punctured torus, and take a sequence of two flips 
as in Figure fTTl This is the mapping class studied in |TYl §3.1]. Then the 
shape parameter periodicity conditions are 

y^ = y,' {1 + y^\l + y^'ry\ 

^2 = 2/3(1 + y2)'(i + yi(i + 2/2"')"') 
y3 = yy{l + y2^)\ 

and the cusp condition is 

2/1^/2^/3 = 1- 

Solving these equations, we get a solution 



2 



-1 + 

2 

By Theorem 14. 4^ shape parameters 



yi = 1, 2/2 = , 2/3 



z{0) = -2/2(0) = 2/2 = 

Z{l) = -y^{l)=y^{l + yyr' = - 
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satisfy edge-gluing conditions. Moreover the imaginary parts of Z{0) and 
Z{1) are positive, and we obtain a complete hyperbolic structure on the 
mapping torus. The parameters coincide with the ones in \TY\ §3.1]. 




3 
2 



yi(o) = yi, 

^2(0) = ^2, 
2/3(0) = 2/3- 



flip at the edge 2 



3 
2 



1/2(1) = y^^, 
y,{l)=y,{l + y,)\ 



flip at the edge 1 



3 
2 



y,{2) = yi\l + y^y, 
y2i2)=y^'{l + y^\l + y^'y)-', 

^3(2)= 1/3(1 + 2/2)^1 + 2/1(1 + 2/2~')"')'- 
Figure 17: Example : once punctured torus and LR. 



5.2 Five Punctured Sphere and aia2(J^ ^ 



Let us take the example of a five-punctured sphere in Example 14. 2[ 
The cusp conditions are 



?/l2/2?/3?/4|/82/9 = 2/12/5 = 2/22/52/82/6 = 2/32/62/92/7 = 2/42/7 = 1, 
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and the shape parameter periodicity conditions are 

2/6 = -^f(l + 2/5 + 2/52/8) ((1 + 2/9 + 2/72/9) (1 + 2/9 + 2/82/9) + 

2/12/52/82/9 ^ 

^5(1 + (1 + 2/7)(l + 2/8)2/9)(l + (1 + '2/8 + 2/12/8)2/9))^ 
2/1 = 2/2(1 + 2/5 + 2/52/8), 

2/32/72/9(1 + 2/9 + 2/82/9 + 2/5(1 + ?/8)(l + (1 + 2/8 + 2/12/8)2/9)) 



2/2 

2/9 
2/8 
2/5 

2/4 

2/3 
2/7 



(1 + 2/9 + 2/72/9) (1 + 2/9 + 2/82/9) + 2/5(1 + (1 + ?/7)(l + 2/8)2/9) (1 + (1 + 2/8 + 2/12/8)2/9) 
7/4(1 + (1 + 2/7) (1 + 2/8)2/9) (1 + 2/9 + 2/82/9 + 2/5(1 + ?/8)(l + (1 + 2/8 + 2/12/8)2/9)) 



(1 + 2/5 + 2/52/8) (1 + 2/9 + 2/82/9) 
2/12/82/9 



1 + 2/9 + 2/82/9 + 2/5(1 + ?/8)(l + (1 + 2/8 + 2/12/8)2/9) 
2/52/62/8 

1 + 2/5 + 2/52/8 ' 

(1 + 2/9 + 2/72/9)(l + 2/9 + 2/82/9) + 2/5(1 + (1 + y7){l + 2/8)2/9)(l + (1 + 2/8 + 2/12/8)2/9) 

2/72/82/9 

2/8(1 +2/9 + 2/82/9) 

(1 + (1 + 2/7)(l + 2/8)2/9)(l + 2/9 + 2/82/9 + 2/5(1 + |/8)(1 + (1 + 1/8 + 2/l2/8)2/9)) ' 
2/12/52/72/82/9 

(1 + 2/9 + 2/72/9) (1 + 2/9 + 2/82/9) + 2/5(1 + (1 + 1/7) (1 + 2/8)2/9) (1 + (1 + 2/8 + 2/12/8)2/9) ' 



Solving the shape parameter periodicity conditions with cusp conditions, we 
get 14 solutions. We take one of the solutions 



2/1 = 


1.781241 - 


0.294452 X V 


-1, 


2/2 = 


1, 






2/3 = 


-0.304877 


+ 0.754529 X 




2/4 = 


0.460355 + 


1.139318 X V 




2/5 = 


0.546473 + 


0.0903361 X ^ 




2/6 = 


1.155478 + 


1.893847 X V 




2/7 = 


0.304877 - 


0.754529 X y 




2/8 = 


0.304877 - 


0.754529 X y 




2/9 = 


-0.14865 - 


- 0.664193 X ^ 
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Following the algorithm in Theorem 14.4^ we get the following six parameters 



0.754529 X 
0.754529 X 
0.294452 X 
0.754529 X 
0.475124 X 
1.139320 X 



0.304877, 
0.695123, 
0.781241, 



-1 + 0.695122, 
^ + 0.311704, 
^ + 0.460354, 



whose imaginary parts are positive, which provide a complete hyperbolic 
structure. The volume of the mapping torus computed from the parameters 
above is 

4.851170. 



This coincides with the value computed by SnapPea/SnapPy [CDW] . 



A Teichmiiller Theory 

Although the statement and proof of Theorem 14.41 are purely combinatorial 
and algebraic, it would be helpful to understand Theorem 14.41 from the view 
point of Teichmiiller theory. We will give a brief review of Teichmiiller theory 
for the sake of readers. 

Let T(S, M) denote the Teichmiiller space and T(S, M) denote the dec- 
orated Teichmiiller space, which is a (M>o) '^'-bundle over T(S, M) whose 
fiber is the set of |M|-tuples of horocycles around each of the punctures 
([PenHT]). 

Let Ti be the set of arcs of a triangulation r. For each arc e in ri, we 
choose the (unique) geodesic representing e. The coordinate /e(-P) is defined 
as the hyperbolic length of the segment of the geodesic that lies between 
the two horocycles surrounding the punctures connected by e, taken with 
positive sign if the two horocycles are disjoint, with negative sign otherwise. 

Theorem A.l. jPenST^ 

(1) For any fixed ideal triangulation r without self-folded triangles, the 
function 

I: TiT.)-^W\ P (/e(P))een 

is a homeomorphism. (This is called the Penner coordinate of the dec- 
orated Teichmiiller space.) 
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(2) Let us define the lambda length of e by 

Ae := \/2exp(/e/2). 

Let t' be the triangulation obtained by flipping the edge e. The coordi- 
nates associated to r and r' agree for each edge which the two triangu- 
lations have in common, and 

. ^a^c + AfeAd 

Ae' — 7 

Ae 

(see Figure IT8\ for the arcs a, b, c and d). 




Figure 18: Notations used in Theorem lA.ll (2), representing a flip at an arc 
e. 

Note that the formula in Theorem lA.ll (2) is nothing but the defining re- 
lation ( §1.2p of the cluster x-variables associated to the quiver Q^. Under the 
identification of Xe and Ae, the mapping class group action on the decorated 
Teichmiiller space is compatible with the one on T'^ given in §2.21 

We define the Fock coordinate {Fe} by 

Fe • la lb ~^ Ic Idi 

for an edge e in Figure [181 The dependence of the Penner coordinates on the 
choice of horocycles cancels out in this expression, and the Fock coordinate 
gives a well-defined coordinate on T(E). For a puncture m G M, take 
Ci, . . . , e„ as in §2.2[ By the defining equation of F^, we have 

n 
i=l 

Under the identification of ye and Fg, the mapping class group action on the 
Teichmiiller space is compatible with the one on T given in §2.21 
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Table 1: Dictionary between cluster algebras and Teichmiiller theory. 



cluster algebra 


Teichmiiller theory 




decorated Teichmiiller space 




Ae := A/2exp(/e/2) (/g : Penner coordinate) 


T 


Teichmiiller space 


Ve 


Fe : Fock coordinate 
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